The goal of this article is to survey some recent developments in the study of groups acting on hyperbolic spaces. We focus on the class of acylindrically hyperbolic groups and their hyperbolically embedded subgroups. This class is broad enough to include many examples of interest, yet a significant part of the theory of hyperbolic and relatively hyperbolic groups can be generalized in this context.
Introduction
Suppose that a group G acts by isometries on a metric space S. If the action is sufficiently "nice", many properties of G can be revealed by studying the geometric structure of Gorbits in S. This approach works especially well if S satisfies certain negative curvature condition.
Systematic research in this direction began in late 1980s when Gromov [33] introduced the notion of an abstract hyperbolic metric space. Groups acting properly and cocompactly on hyperbolic spaces are called word hyperbolic. More generally, replacing properness with its relative analogue modulo a fixed collection of subgroups leads to the notion of a relatively hyperbolic group. The study of hyperbolic and relatively hyperbolic groups was initiated by [33] and since then it has been one of the most active areas of research in geometric group theory.
A further generalization, the class of acylindrically hyperbolic groups, was suggested in [53] and received considerable attention in the past few years. It includes many examples of interest: non-elementary hyperbolic and relatively hyperbolic groups, all but finitely many mapping class groups of punctured closed surfaces, Out(F n ) for n ≥ 2, most 3-manifold groups, groups of deficiency at least 2, and the Cremona group of birational transformations of the complex projective plane, just to name a few. On the other hand, the property of being acylindrically hyperbolic is strong enough to allow one to apply powerful geometric techniques.
A significant part of the theory of relatively hyperbolic groups can be generalized to acylindrically hyperbolic groups using the notion of a hyperbolically embedded collection of subgroups introduced in [24] . In particular, this notion provides a suitable framework for developing a group theoretic version of Thurston's theory of hyperbolic Dehn filling in 3-manifolds. Group theoretic Dehn filling was originally studied in the context of relatively hyperbolic groups in [34, 56] . Recently it was used to obtain several deep results (most notably, it was employed in Agol's proof of the virtual Haken conjecture [2] ). Yet another powerful tool is small cancellation theory, which can be used to prove various embedding theorems and to construct groups with unusual properties [38, 55] .
The main purpose of this paper is to survey the recent progress in the study of acylindrically hyperbolic groups and their hyperbolically embedded subgroups. In the next section we briefly discuss equivalent definitions, main examples, and basic properties of acylindrically hyperbolic groups. Hyperbolically embedded subgroups are discussed in Section 3. Section 4 is devoted to group theoretic Dehn filling. An informal discussion of small cancellation theory and a survey of some application is given in Section 5.
classes of sequences of points convergent at infinity; for details we refer to [33, Section 1.8] . The union S = S ∪ ∂S is a completely metrizable Hausdorff topological space containing S as a dense subset.
Example 2.3. The Gromov boundary of a bounded space is empty. ∂(H n ) = S n−1 . The boundary of an n-regular tree is the Cantor set if n ≥ 3 and consists of two points if n = 2.
Let G be a group acting (isometrically) on a hyperbolic space S. This action extends to an action on S by homeomorphisms. We denote by Λ(G) the limit set of G, that is, the set of accumulation points of a G-orbit on ∂S. Thus Λ(G) = Gs ∩ ∂S, where s ∈ S and Gs is the closure of the corresponding orbit. In fact, this definition is independent of the choice of s ∈ S. Given an element g ∈ G, we denote Λ( g ) simply by Λ(g) and call it the limit set of g.
Similarly to the classification of elements of P SL(2, R) = Isom H 2 , we have the following classification of isometries of abstract hyperbolic spaces.
Definition 2.4. An element g ∈ G is called elliptic if Λ(g) = ∅ (equivalently, all orbits of g are bounded), parabolic if |Λ(g)| = 1; and loxodromic if |Λ(g)| = 2. Equivalently, an element g ∈ G is loxodromic if the map Z → S defined by n → g n s is a quasi-isometric embedding for every s ∈ S; in turn, this is equivalent to the existence of c > 0 such that
We recall the standard classification of groups acting on hyperbolic spaces, which goes back to Gromov [33, Section 8.2] . Theorem 2.5 (Gromov). For every group G acting on a hyperbolic space S, exactly one of the following conditions holds. 1) |Λ(G)| = 0. Equivalently, G has bounded orbits. In this case the action of G is called elliptic.
2) |Λ(G)| = 1. Equivalently, G has unbounded orbits and contains no loxodromic elements. In this case the action of G is called parabolic.
3) |Λ(G)| = 2. Equivalently, G contains loxodromic elements and any two loxodromic elements have the same limit points. In this case the action of G is called lineal.
Then G always contains loxodromic elements. In turn, this case breaks into two subcases.
a) G fixes a point ξ ∈ ∂S. In this case ξ is the common limit point of all loxodromic elements of G. Such an action is called quasi-parabolic.
b) G has no fixed points on ∂S. Equivalently, G contains independent loxodromic elements. In this case the action is said to be of general type.
Definition 2.6. The action of G is called elementary in cases 1)-3) and non-elementary in case 4).
An action of a group G on a metric space S is called (metrically) proper if the set {g ∈ G | d S (s, gs) ≤ r} is finite for all s ∈ S and r ∈ R + . Further, the action of G is cobounded if there exists a bounded subset B ⊆ S such that S = g∈G gB. Finally, the action is geometric if it is proper and cobounded. (We work in the category of metric spaces here, so compactness gets replaced by boundedness.)
For geometric actions, we have the following, see [33] .
Theorem 2.7 (Gromov) . Let G be a group acting geometrically on a hyperbolic space. Then exactly one of the following three conditions hold.
(a) G acts elliptically. In this case G is finite.
(b) G acts lineally. In this case G is virtually cyclic.
(c) The action of G is of general type.
To every group G generated by a set X one can associate a natural metric space, namely the Cayley graph Γ(G, X), on which G acts geometrically. The vertex set of Γ(G, X) is G itself and two elements g, h are connected by an edge if g = hx for some x ∈ X ±1 . This graph is endowed with the combinatorial metric induced by identification of edges with [0, 1]. Definition 2.8. A group G is hyperbolic if it admits a geometric action on a hyperbolic space.
Equivalently, a group G generated by a finite set X is hyperbolic if the Cayley graph Γ(G, X) is a hyperbolic metric space. The equivalence of these two definitions follows from the well-known Svarc-Milnor Lemma and quasi-isometry invariance of hyperbolicity of geodesic spaces, see [12, 33] for details.
Equivalent definitions of acylindrical hyperbolicity.
Recall that the action of a group G on a metric space S is acylindrical if for every ε > 0 there exist R, N > 0 such that for every two points x, y with d(x, y) ≥ R, there are at most N elements g ∈ G satisfying d(x, gx) ≤ ε and d(y, gy) ≤ ε.
The notion of acylindricity goes back to Sela's paper [58] , where it was considered for groups acting on trees. In the context of general metric spaces, the above definition is due to Bowditch [11] . Informally, one can think of this condition as a kind of properness of the action on S × S minus a "thick diagonal". (b) It is easy to see that every geometric action is acylindrical. On the other hand, proper actions need not be acylindrical in general.
We begin with a classification of groups acting acylindrically on hyperbolic spaces. The following theorem is proved in [53] and should be compared to Theorems 2.5 and 2.7 Theorem 2.10. Let G be a group acting acylindrically on a hyperbolic space. Then exactly one of the following three conditions holds.
(a) G acts elliptically, i.e., G has bounded orbits.
Compared to the general classification of groups acting on hyperbolic spaces, Theorem 2.10 rules out parabolic and quasi-parabolic actions and characterizes groups acting lineally. On the other hand, compared to Theorem 2.7, finiteness of elliptic groups is lacking. This part of Theorem 2.10 cannot be improved, see Example 2.9 (a).
Applying the theorem to cyclic groups, we obtain the following result first proved by Bowditch [11] .
Corollary 2.11. Every element of a group acting acylindrically on a hyperbolic space is either elliptic or loxodromic. Definition 2.12. We call a group G acylindrically hyperbolic if it admits a non-elementary acylindrical action on a hyperbolic space. By Theorem 2.10, this is equivalent to the requirement that G is not virtually cyclic and admits an acylindrical action on a hyperbolic space with unbounded orbits.
Unfortunately, Definition 2.12 is hard to verify in practice. Instead, one often first proves that the group satisfies a seemingly weaker condition, which turns out to be equivalent to acylindrical hyperbolicity. To formulate this condition we need a notion introduced by Bestvina and Fujiwara in [10] . Definition 2.13. Let G be a group acting on a hyperbolic space S, g an element of G. One says that g satisfies the weak proper discontinuity condition (or g is a WPD element) if for every ε > 0 and every s ∈ S, there exists M ∈ N such that
Obviously this condition holds for any g ∈ G if the action of G is proper and for every loxodromic g ∈ G if G acts on S acylindrically. (a) G is acylindrically hyperbolic.
(b) G is not virtually cyclic and admits an action on a hyperbolic space such that at least one element of G is loxodromic and satisfies the WPD condition.
(c) There exists a generating set X of G such that the corresponding Cayley graph Γ(G, X) is hyperbolic, |∂Γ(G, X)| > 2, and the natural action of G on Γ(G, X) is acylindrical.
Part (c) of this theorem is especially useful for studying properties of acylindrically hyperbolic groups since it allows to pass from a (possibly non-cobounded) action of G on a general hyperbolic space to the more familiar action on the Cayley graph. In addition, one can ensure that Γ(G, X) is quasi-isometric to a tree [6] .
Examples.
Obviously every geometric action is acylindrical. In particular, this applies to the action of any finitely generated group on its Cayley graph with respect to a finite generating set. Thus every hyperbolic group is virtually cyclic or acylindrically hyperbolic. More generally, non-virtually-cyclic relatively hyperbolic groups with proper peripheral subgroups are acylindrically hyperbolic. In the latter case the action on the relative Cayley graph is non-elementary and acylindrical, see [53] . Below we discuss some less obvious examples.
(a) Mapping class groups. The mapping class group M CG(Σ g,p ) of a closed surface of genus g with p punctures is acylindrically hyperbolic unless g = 0 and p ≤ 3 (in these exceptional cases, M CG(Σ g,p ) is finite). For (g, p) ∈ {(0, 4), (1, 0), (1, 1)} this follows from the fact that M CG(Σ g,p ) is non-elementary hyperbolic. For all other values of (g, p) this follows from hyperbolicity of the curve complex C(Σ g,p ) of Σ g,p first proved by Mazur and Minsky [44] and acylindricity of the action of M CG(Σ g,p ) on C(Σ g,p ), which is due to Bowditch [11] .
(b) Out(F n ). Let n ≥ 2 and let F n be the free group of rank n. Bestvina and Feighn [9] proved that for every fully irreducible automorphism f ∈ Out(F n ) there exists a hyperbolic graph such that Out(F n ) acts on it and the action of f satisfies the weak proper discontinuity condition. Thus Out(F n ) is acylindrically hyperbolic by Theorem 2.14.
(c) Groups acting on CAT (0) spaces. Sisto [59] showed that if a group G acts properly on a proper CAT (0) space and contains a rank one element, then G is either virtually cyclic or acylindrically hyperbolic. Together with the work of Caprace-Sageev [17] , this implies the following alternative for right angled Artin groups: every right angled Artin group is either cyclic, decomposes as a direct product of two non-trivial groups, or acylindrically hyperbolic. An alternative proof of the later result can be found in [43] , where Kim and Koberda construct explicitly acylindrical actions of right angled Artin groups. A similar theorem holds for graph products of groups and, even more generally, subgroups of graph products [47] . For a survey of examples of acylindrically hyperbolic groups arising from actions on CAT (0) cubical complexes, see [30] . Theorem 2.15. Let G be a group acting minimally on a simplicial tree T . Suppose that G does not fix any point of ∂T and there exist vertices u, v of T such that the pointwise stabilizer of {u, v} is finite. Then G is either virtually cyclic or acylindrically hyperbolic.
If G is the fundamental group of a graph of groups G, then one can apply Theorem 2.15 to the action of G on the associated Bass-Serre tree. In this case the minimality of the action and the absence of fixed points on ∂T can be recognized from the local structure of G. We mention here two particular cases. We say that a subgroup C of a group G is weakly malnormal if there exists g ∈ G such that |C g ∩ C| < ∞.
Corollary 2.16. Let G split as a free product of groups A and B with an amalgamated subgroup C. Suppose A = C = B and C is weakly malnormal in G. Then G is either virtually cyclic or acylindrically hyperbolic.
Note that the virtually cyclic case cannot be excluded from this corollary. Indeed it realizes if C is finite and has index 2 in both factors.
Corollary 2.17. Let G be an HNN-extension of a group A with associated subgroups C and D. Suppose that C = A = D and C is weakly malnormal in G. Then G is acylindrically hyperbolic.
These results were used in [47] to prove acylindrical hyperbolicity of a number of groups. E.g., it implies that for every field k, the automorphism group Aut k[x, y] of the polynomial algebra k[x, y] is acylindrically hyperbolic. Some other applications are discussed below.
(e) 3-manifold groups. In the same paper [47] (see also [46] ), Minasyan and the author proved that for every compact orientable irreducible 3-manifold M , the fundamental group π 1 (M ) is either virtually polycyclic, or acylindrically hyperbolic, or M is Seifert fibered. In the latter case, π 1 (M ) contains a normal subgroup N ∼ = Z such that π 1 (M )/N is acylindrically hyperbolic.
(f) Groups of deficiency at least 2. In [54] , the author proved that every group which admits a finite presentation with at least 2 more generators than relations is acylindrically hyperbolic. (The original proof contained a gap which is fixed in [46] .) Interestingly, the proof essentially uses results about 2 -Betti numbers of groups.
(g) Miscellaneous examples. Other examples include central quotients of Artin-Tits groups of spherical type [14] and of F C type with underlying Coxeter graph of diameter at least 3 [18] , small cancellation groups (including infinitely presented ones) [35] , orthogonal forms of Kac-Moody groups over arbitrary fields [16] , the Cremona group (see [24] and references therein; the main contribution towards this result is due to Cantat and Lamy [15] ), and non-elementary convergence groups [60] .
2.4. Some algebraic and analytic properties. Our next goal is to survey some algebraic and analytic properties of acylindrically hyperbolic groups.
(a) Finite radical. Every acylindrically hyperbolic group G contains a unique maximal finite normal subgroup denoted K(G) and called the finite radical of G [24] . It also coincides with the amenable radical of G. In particular, G has no infinite amenable normal subgroups.
(b) SQ-univerality. Recall that a group G is SQ-universal if every countable group can be embedded into a quotient of G. Informally, this property can be considered as an indication of algebraic "largeness" of G. In [24] , Dahmani, Guirardel, and the author proved the following result by using group theoretic Dehn filling (we refer to [24] for the survey of the previous work in this direction).
Theorem 2.18. Every acylindrically hyperbolic group is SQ-universal.
One consequence of this, also obtained in [24] , is that every subgroup of the mapping class group M CG(Σ) of a punctured closed surface Σ is either virtually abelian or SQuniversal. It is easy to show using cardinality arguments that every finitely generated SQ-universal group has uncountably many non-isomorphic quotients. This observation allows one to reprove various (well-known) non-embedding theorems for higher rank lattices in mapping class groups since these lattices have countably many normal subgroups by the Margulis normal subgroup theorem. For instance, we immediately obtain that every homomorphism from an irreducible lattice in a connected semisimple Lie group of R-rank at least 2 with finite center to M CG(Σ) has finite image (compare to the main result of [28] ).
(c) Mixed identities. A group G satisfies a mixed identity w = 1 for some w ∈ G * F n , where F n denotes the free group of rank n, if every homomorphism G * F n → G that is identical on G sends w to 1. A mixed identity w = 1 is non-trivial if w = 1 as an element of G * F n . We say that G is mixed identity free (or MIF for brevity) if it does not satisfy any non-trivial mixed identity.
The property of being MIF is much stronger than being identity free and imposes strong restrictions on the algebraic structure of G. For example, if G has a non-trivial center, then it satisfies the non-trivial mixed identity [a, x] = 1, where a ∈ Z(G)\{1}. Similarly, it is easy to show (see [39] ) that a MIF group has no finite normal subgroups, is directly indecomposable, has infinite girth, etc. By constructing highly transitive permutation representations of acylindrically hyperbolic groups, Hull and the author proved that every acylindrically hyperbolic group with trivial finite radical is MIF [39] .
(d) Quasi-cocycles and bounded cohomology. The following theorem was proved in several papers under various assumptions (see [8, 10, 36, 40] and references therein), which later turned out to be equivalent to acylindrical hyperbolicity.
This result opens the door for Monod-Shalom rigidity theory for group actions on spaces with measure [49] . It also implies that acylindrically hyperbolic groups are not boundedly generated, i.e., are not products of finitely many cyclic subgroups.
(e) Stability properties. It is not difficult to show that the class of acylindrically hyperbolic groups is stable under taking extensions with finite kernel and quotients modulo finite normal subgroups. It is also stable under taking finite index subgroups and, more generally, s-normal subgroups [53] . Recall that a subgroup N of a group G is s-normal if g −1 N g ∩ N is infinite for all g ∈ G.
On the other hand, it is not known if acylindrical hyperbolicity is stable under finite extensions (see [46] ). More generally, we propose the following. The last question is partially motivated by the fact that the property H 2 b (G, 2 (G)) = 0 enjoyed by all acylyndrically hyperbolic groups by Theorem 2.19 is a measure equivalence invariant. For details we refer to [49] .
3 Hyperbolically embedded subgroups 3.1. Definition and basic examples. Hyperbolically embedded collections of subgroups were introduced in [24] as generalizations of peripheral subgroups of relatively hyperbolic groups. To simplify our exposition we restrict here to the case of a single subgroup; the general case only differs by notation.
Let G be a group, H a subgroup of G. Suppose that X is a relative generating set of G with respect to H, i.e., G = X ∪ H . We denote by Γ(G, X H) the Cayley graph of G whose edges are labeled by letters from the alphabet X H. That is, two vertices f, g ∈ G are connected by an edge going from f to g and labeled by a ∈ X H iff f a = g in G.
Disjointness of the union in this definition means that if a letter h ∈ H and a letter x ∈ X represent the same element a ∈ G, then for every g ∈ G, the Cayley graph Γ(G, X H) will have two edges connecting g and ga: one labelled by h and the other labelled by x.
We naturally think of the Cayley graph Γ H = Γ(H, H) of H with respect to the generating set H as a (complete) subgraph of Γ(G, X H).
Definition 3.1. Let G be a group, H ≤ G, and X a (possibly infinite) subset of G. We say that H is hyperbolically embedded in G with respect to X (we write H → h (G, X)) if G = X ∪ H and the following conditions hold.
(a) The Cayley graph Γ(G, X H) is hyperbolic.
(b) For every n ∈ N, there are only finitely many elements h ∈ H such that the vertices h and 1 can be connected in Γ(G, X H) by a path of length at most n that avoids edges of Γ H .
Further we say that H is hyperbolically embedded in G and write Note that for any group G we have G → h G. Indeed we can take X = ∅ in this case. Further, if H is a finite subgroup of a group G, then H → h G. Indeed H → h (G, X) for X = G. These cases are referred to as degenerate. We consider two additional examples borrowed from [24] . is quasi-isometric to a line and hence it is hyperbolic. However, every two elements h 1 , h 2 ∈ H can be connected by a path of length at most 3 in Γ(G, X H) that avoids edges of Γ H (see Fig. 1 ). Thus H → h (G, X) whenever H is infinite.
(b) Let G = H * Z, X = {x}, where x is a generator of Z. In this case Γ(G, X H) is quasi-isometric to a tree and no path connecting h 1 , h 2 ∈ H and avoiding edges of Γ H exists unless
It is worth noting that a version of the argument from Example 3.2 (a) can be used to show that every hyperbolically embedded subgroup H → h G is almost malnormal, i.e., satisfies |g −1 Hg ∩ H| < ∞ for all g ∈ G.
The following result is obtained in [24] and can be regarded as a definition of relatively hyperbolic groups. Theorem 3.3. Let G be a group, H a subgroup of G. Then G is hyperbolic relative to H if and only if H → h (G, X) for some finite subset X ⊆ G.
Hyperbolically embedded subgroups in acylindrically hyperbolic groups.
It turns out that acylindrical hyperbolicity of a group can be characterized by the existence of hyperbolically embedded subgroups. More precisely, the following is proved in [53] .
Theorem 3.4. A group G is acylindrically hyperbolic if and only if it contains nondegenerate hyperbolically embedded subgroups.
Moreover, in every acylindrically hyperbolic group one can find hyperbolically embedded subgroups of certain special types. We mention two results of this sort proved in [24] . The first one plays an important role in applications of group theoretic Dehn filling and small cancellation theory discussed below.
Theorem 3.5. Let G be a group acting on a hyperbolic space and let g ∈ G be a loxodromic WPD element. Then g is contained in a unique maximal virtually cyclic subgroup E(g) of G and E(g) → h G.
Recall that K(G) denotes the final radical of an acylindrically hyperbolic group G and F n denotes the free group of rank n. Theorem 3.6. Let G be an acylindrically hyperbolic group. Then for every n ∈ N, there exists a subgroup
The latter theorem is especially useful in conjunction with various "extension" results proved in [1, 29, 40] . Roughly speaking, these results claim that various things (e.g., group actions on metric spaces or quasi-cocycles) can be "extended" from a hyperbolically embedded subgroup to the whole group.
Group theoretic Dehn filling
4.1. Dehn surgery in 3-manifolds. Dehn surgery on a 3-dimensional manifold consists of cutting of a solid torus from the manifold, which may be thought of as "drilling" along an embedded knot, and then gluing it back in a different way. The study of these "elementary transformations" of 3-manifolds is partially motivated by the Lickorish-Wallace theorem, which states that every closed orientable connected 3-manifold can be obtained by performing finitely many surgeries on the 3-dimensional sphere.
The second part of the surgery, called Dehn filling, can be formalized as follows. Let M be a compact orientable 3-manifold with toric boundary. Topologically distinct ways to attach a solid torus to ∂M are parameterized by free homotopy classes of unoriented essential simple closed curves in ∂M , called slopes. For a slope s, the corresponding Dehn filling M (s) of M is the manifold obtained from M by attaching a solid torus D 2 × S 1 to ∂M so that the meridian ∂D 2 goes to a simple closed curve of the slope s.
The following fundamental theorem is due to Thurston [61, Theorem 1.6].
Theorem 4.1 (Thurston's hyperbolic Dehn surgery theorem). Let M be a compact orientable 3-manifold with toric boundary. Suppose that M \ ∂M admits a complete finite volume hyperbolic structure. Then M (s) is hyperbolic for all but finitely many slopes s.
Filling in hyperbolically embedded subgroups.
Dehn filling can be generalized in the context of abstract group theory as follows. Let G be a group and let H be a subgroup of G. One can think of G and H as the analogues of π 1 (M ) and π 1 (∂M ), respectively. Associated to any σ ∈ H, is the quotient group G/ s , where s denotes the normal closure of s in G.
If G = π 1 (M ) and H = π 1 (∂M ) ∼ = Z ⊕ Z, where M is as in Thurston's theorem, then H is indeed a subgroup of G and for every slope s, which we think of as an element of H, we have
by the Seifert-van Kampen theorem. Thus G/ s is the algebraic counterpart of the filling M (s).
It turns out that the analogue of Thurston's theorem holds if we start with a pair H ≤ G such that H is hyperbolically embedded in G. The vocabulary translating geometric terms to algebraic ones can be summarized as follows.
3-MANIFOLDS GROUPS
In these settings, the analogue of Thurston's theorem was proved in [24] . Note that instead of considering single elements of H, we allow normal subgroups generated by arbitrary sets of elements. A number of additional properties can be added to the main statements (a)-(c); we mention just one of them, which is necessary for the applications considered in the next section. Theorem 4.2. Let G be a group, H a subgroup of G. Suppose that H → h (G, X) for some X ⊆ G. Then there exists a finite subset F of nontrivial elements of H such that for every subgroup N H that does not contain elements of F, the following hold.
(a) If G is acylindrically hyperbolic, then so is G/ N , where N denotes the normal closure of N in G.
, where X is the natural image of X in G/ N .
(d) N is the free product of conjugates of N in G and every element of N is either conjugate to an element of N or acts loxodromically on Γ(G, X H).
Note that if H → h G is non-degenerate, then G is always acylindrically hyperbolic. However the theorem holds (trivially) for degenerate hyperbolically embedded subgroups as well.
Combining this theorem with Theorem 3.3 and some basic properties of relatively hyperbolic groups, we obtain the following result, which was first proved by the author in [56] . It was also independently proved by Groves and Manning [34] under the additional assumptions that the group G is torsion free and finitely generated. Corollary 4.3. Suppose that a group G is hyperbolic relative to a subgroup H = G. Then for any subgroup N H avoiding a fixed finite set of nontrivial elements, the natural map from H/N to G/ N is injective and G/ N is hyperbolic relative to H/N . In particular, if H/N is hyperbolic, then so is G/ N ; if, in addition, G is non-virtually-cyclic, then so is G/ N .
Under the assumptions of Thurston's theorem, we have H = π 1 (∂M ) = Z ⊕ Z. Slopes in ∂M correspond to non-trivial primitive elements s ∈ H; for every such s, we have H/ s ∼ = Z. Applying Corollary 4.3 to N = s H, we obtain that G/ N is not virtually cyclic and hyperbolic. Modulo the geometrization conjecture this algebraic statement is equivalent to hyperbolicity of M (s). Thus parts (a)-(c) of Theorem 4.2 indeed provide a group theoretic generalization of Thurston's theorem.
Applications.
It is not feasible to discuss all applications of group theoretic Dehn surgery in a short survey. Here we list some of the results which make use of Theorem 4.2 or its relatively hyperbolic analogue, Corollary 4.3, and provide references for further reading. We then pick one application and discuss it in more detail.
(a) The virtual Haken conjecture. Group theoretic Dehn filling in relatively hyperbolic groups, along with Wise's machinery of virtually special groups, was used in Agol's proof of the virtual Haken conjecture [2] . Additional results on Dehn filling necessary for the proof were obtained by Agol, Groves, and Manning in the appendix to [2] . One piece of Wise's work used in [2] is the malnormal special quotient theorem; Agol, Groves, and Manning also found an alternative proof of this result based on Dehn filling technique [3] .
(b)The isomorphism problem for relatively hyperbolic groups. In [22, 25] , Dahmani, Guirardel, and Touikan, used Dehn filling to solve the isomorphism problem for relatively hyperbolic groups with residually finite parabolic subgroups under certain additional assumptions. The main idea is to apply (an elaborated version of) Corollary 4.3 and some other results from [24] to finite index normal subgroups in parabolic groups. This yields an approximation of relatively hyperbolic groups by hyperbolic ones, which in turn allows the authors make use of the solution of the isomorphism problem for hyperbolic groups obtained in [23] .
(c) Residual finiteness of outer automorphism groups. In [48] , Dehn filling in relatively hyperbolic groups was used by Minasyan and the author to prove that Out(G) is residually finite for every residually finite group G with infinitely many ends; in general, this result fails for one ended groups. Results of [48] were recently generalized to acylindrically hyperbolic groups by Antolin, Minasyan, and Sisto. In particular, they proved residual finiteness of mapping class groups of certain Haken 3-manifolds. Acylindrical hyperbolicity of 3-manifold groups plays a crucial role in the proof.
(d) Primeness of von Neumann algebras. Chifan, Kida, and Pant [20] used Dehn filling to prove primeness of von Neumann algebras of certain relatively hyperbolic groups.
(e) Farell-Jones conjecture for relatively hyperbolic groups. Bartels [7] proved that the class of groups satisfying the Farell-Jones conjecture is stable under relative hyperbolicity. In the particular case when peripheral subgroups are residually finite, an alternative proof based on Dehn filling was found by Antolin, Coulon, and Gandini [4] . The abundance of finitely generated non-normal purely pseudo-Anosov free subgroups of mapping class groups is well known, and follows from an easy ping-pong argument. However, this method does not allow one to construct normal subgroups, which are usually infinitely generated. For a surface of genus 2 the question was answered by Whittlesey [62] who proposed an example based on Brunnian braids. Unfortunately the methods of [62] do not generalize even to closed surfaces of higher genus.
Another question was probably first asked by Ivanov (see [42, Problem 11] ): Is the normal closure of a certain nontrivial power of a pseudo-Anosov element of M CG(S g ) free? Farb also recorded this question in [27, Problem 2.9] , and qualified it as a "basic test question" for understanding normal subgroups of mapping class groups.
We answer both questions positively. In fact, our approach works in more general settings. 30, [24] ). Let G be a group acting on a hyperbolic space S, g ∈ G a WPD loxodromic element. Then there exists n ∈ N such that the normal closure g n in G is free and purely loxodromic, i.e., every nontrivial element of g n acts loxodromically on S.
This result can be viewed as a generalization of Delzant's theorem [26] stating that for a hyperbolic group G and every element of infinite order g ∈ G, there exists n ∈ N such that g n is free (see also [19] for a clarification of certain aspects of Delzant's proof).
The idea of the proof is the following. By Theorem 3.5, g is contained in the maximal virtually cyclic subgroup E(g) which is hyperbolically embedded in G. Since g has finite index in E(g), we have g n E(g). Passing to a multiple of n if necessary, we can ensure that g n avoids any finite collection of non-trivial elements. Thus we can apply Theorem 4.2 to H = E(g) and N = g n . Since g n ∼ = Z, part (d) of the theorem implies that g n is free. That g n is purely loxodromic also follows from part (d) and some additional arguments relating Γ(G, X H) to S.
Applying Theorem 4.4 to mapping class groups acting on the curve complexes, we obtain the following.
Corollary 4.5. Let Σ be a possibly punctured closed orientable surface. Then for any pseudo-Anosov element a ∈ M CG(Σ), there exists n ∈ N such that the normal closure of a n is free and purely pseudo-Anosov.
5 Small cancellation theory and its applications 5.1. Generalizing classical small cancellation. The classical small cancellation theory deals with presentations
where F (X) is the free group with basis X, and common subwords of distinct relators are "small" in a certain precise sense. This property allows one to control cancellation in products of conjugates of relators (and their inverses); in turn, this leads to nice structural results for the normal closure R and the group F (X)/ R .
More generally, one can replace the free group F (X) with a group G 0 enjoying some hyperbolic properties and add new relations to a presentation of G 0 . If these new relations satisfy a suitable version of small cancellation, many results of the classical small cancellation theory can be reproved in these settings. On the other hand, the small cancellation assumptions are usually general enough to allow one to create interesting relations between elements.
The idea of generalizing classical small cancellation to groups acting on hyperbolic spaces is due to Gromov [33] , although some underlying ideas go back to the work of Olshanskii [51, 52] . In the case of hyperbolic groups, it was formalized by Delzant [26] , Olshanskii [50] , and others. Olshanskii's approach was generalized to relatively hyperbolic groups by the author in [55] and further generalized to acylindrically hyperbolic groups by Hull [38] . These generalizations employ isoperimetric characterizations of relatively hyperbolic groups and hyperbolically embedded subgroups [24, 57] and follow closely the classical theory. Yet another approach is based on Gromov's rotating families (see [24] and references therein.) Unfortunately, the ideas involved in this work are too technical for a short survey paper and we do not discuss them here. Instead we discuss one applications of small cancellation theory in relatively hyperbolic groups to proving embedding theorems and studying conjugacy growth of groups [55, 41] .
Embedding theorems and conjugacy growth of groups.
In 1949, Higman, B.H. Neumann, and H. Neumann proved that any countable group G can be embedded into a countable group B such that every two elements of the same order are conjugate in B [37] . We notice that the group B in [37] is constructed as a union of infinite number of subsequent HNN-extensions and thus B is never finitely generated. In [55] , the author used small cancellation theory in relatively hyperbolic groups to prove the following stronger result. For a group G, we denote by π(G) the set of finite orders of elements of G.
Theorem 5.1. Any countable group G can be embedded into a finitely generated group C such that any two elements of the same order are conjugate in C and π(G) = π(C).
We explain the idea of the proof in the particular case when C is torsion free. Let G 0 = C * F (x, y), where F (x, y) is the free group with basis {x, y}. Given any non-trivial lement g ∈ G 0 , one first considers the HNN-extension
Obviously x and g are conjugate in H. Then imposing an additional relation t = w(x, y), where w(x, y) is a suitable small cancellation word in the alphabet {x, y}, one ensures that this conjugation happens in a certain quotient group G 1 of G 0 . Small cancellation theory is then used to show that the restriction of the natural homomorphism G 0 → G 1 to C is injective and the image of F (x, y) in G 1 is still "large enough". Here "large enough" means that the image of F (x, y) in G 1 is non-elementary with respect to some acylindrical action of G 1 on a hyperbolic space. This allows us to iterate the process. Repeating it for all non-trivial elements we obtain a group with 2 conjugacy classes which is generated by 2 elements (the images of x and y) and contains C.
Applying Theorem 5.1 to the group G = Z, we obtain the following.
Corollary 5.2. There exists a torsion free finitely generated group with 2 conjugacy classes.
The existence of a finitely generated group with 2 conjugacy classes other than Z/2Z was a long standing open problem, sometimes attributed to Maltsev. It is easy to see that such groups do not exist among finite (and residually finite) groups. It is also observed in [55] that such a group cannot be constructed as a limit of hyperbolic groups; this justifies the use of small cancellation theory in the more general settings.
Given a group G generated by a finite set X, the associated conjugacy growth function of G, denoted by ξ G,X , is defined as follows: ξ G,X (n) is the number of conjugacy classes of elements that can be represented by words of length at most n is the alphabet X ∪ X −1 . Given f, g : N → N, we write f ∼ g if there exists C ∈ N such that f (n) ≤ g(Cn) and g(n) ≤ f (Cn) for all n ∈ N. Obviously ∼ is an equivalence relation and ξ G,X (n) is independent of the choice of X up to this equivalence.
The conjugacy growth function was introduced by Babenko [13] in order to study geodesic growth of Riemannian manifolds. For more details and a survey of some recent results about conjugacy growth we refer to [41] . Based on ideas from [55] , Hull and the author also obtained a complete description of functions that occur as conjugacy growth functions of finitely generated groups. It is worth noting that such a description for the usual growth function seems to be out of reach at this time.
Theorem 5.3. Let G be a group generated by a finite set X, and let f denote the conjugacy growth function of G with respect to X. Then the following conditions hold.
(a) f is non-decreasing.
(b) There exists a ≥ 1 such that f (n) ≤ a n for every n ∈ N.
Conversely, suppose that a function f : N → N satisfies the above conditions (a) and (b). Then there exists an group G generated by a finite set X such that ξ G,X ∼ f .
Of course, the non-trivial part of the theorem is the fact that every function satisfying (a) and (b) realizes as the conjugacy growth function.
Yet another result proved in [41] is the following.
Theorem 5.4. There exists a finitely generated group G and a finite index subgroup H ≤ G such that H has 2 conjugacy classes while G is of exponential conjugacy growth.
In particular, unlike the usual growth function, conjugacy growth of a group is not a quasi-isometry invariant.
Readers interested in other applications of small cancellation technique to groups with hyperbolically embedded subgroups are referred to [38] and [45] ; for a slightly different approach employing rotating families see Gromov's paper [32] , Coulon's survey [21] , and references therein.
